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SUMMARY
The recognition that the cosmological constant may be non-zero forces us to re-
evaluate standard notions about the connection between geometry and the fate of
our Universe. An open Universe can recollapse, and a closed Universe can expand
forever. As a corollary, we point out that there is no set of cosmological observations
we can perform that will unambiguously allow us to determine what the ultimate
destiny of the Universe will be.
The traditional philosophy of General Relativity is that Geometry is Destiny. We
teach undergraduates that the Universe can exist in one of three different geometries,
open, closed and flat, and that once we determine which describes our Universe, this
fixes its fate.
In the past few years, however, several features of conventional wisdom in cos-
mology have fallen by the wayside. By 1995 it was already clear that fundamental
observables, from the age of the Universe, to the baryon content, and the nature of
large-scale structure, all independently pointed to the possible existence of a non-
zero cosmological constant [1]. At the very least, there is now definitive evidence that
matter, be it dark or luminous, is not sufficiently abundant to result in a flat Universe
today [2]. If we are to believe one of the generic predictions of inflation—that we live
in an almost exactly flat Universe—a cosmological constant, or some form of energy
very much like it is the only way out.
This speculation received dramatic support a year ago, with independent claims
by two groups that Type 1a supernova, when used as standard candles, indicated
that the expansion of the Universe is accelerating [3, 4]. The simplest explanation of
this result is the presence of a cosmological constant.
Most recently, observations of the Doppler peak in the Cosmic Microwave Back-
ground anisotropies have begun to provide more definitive evidence that we live in a
flat Universe today [5]. When this fact is combined with the SN 1a data, and the data
from large-scale clustering, a parameter range of ΩM ≈ 0.3− 0.4 and ΩΛ ≈ 0.6− 0.7
appears to be strongly favored [6].
While it is premature to claim, on the basis of the existing data, that a Λ-
dominated flat model actually describes our Universe, it is not premature to explore
its possible ramifications. Recently, for example, an analysis has been performed that
suggests that this observation will have important implications for the future of life in
our Universe [7]. Here we focus on a more general feature associated with the incor-
poration of a cosmological constant into our models: The one-to-one correspondence
between geometry and evolution is forever lost.
The mathematical basis of this is described simply. Einstein’s equations imply,
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for an isotropic and homogeneous Universe, the following evolution equations for the
cosmic scale factor, R(t):
H2 ≡
(
R˙
R
)2
=
8piG
3
ρTOT −
k
R2
(1)
R¨
R
= −
4piG
3
∑
i
ρi(1 + 3wi) (2)
where k is the signature of the 3-curvature, the pressure in component i is related
to the energy density by pi = wiρi and the total energy density ρTOT =
∑
i ρi. The
evolution of the energy density in component i is determined by
dρi
ρi
= −3(1 + wi)
dR
R
⇒ ρi ∝ R
−3(1+wi) (3)
All forms of normal matter satisfy the strong-energy condition, (ρi+3pi) = ρi(1+
3wi) > 0, and so if the Universe is comprised of normal matter, the expansion of the
Universe always decelerates, cf. Eq. (2). Also, since ρ is positive for normal matter,
the first equation implies that R˙/R remains positive and non-zero if k ≤ 0, and thus
the Universe expands forever. Equation (3) and the strong-energy condition imply
that ρi decreases more rapidly than R
−2. Thus, for k > 0 there is necessarily a
turning point with H = 0 and R¨ < 0, and the Universe must ultimately recollapse.
Geometry determines destiny.
However, a cosmological constant violates the strong-energy condition, completely
obviating the logic of the above argument. Recalling that pΛ = −ρΛ for a cosmological
term, and that pM = 0 for matter, the above equations become,
H2 =
8piG
3
(ρM + ρΛ)−
k
R2
(4)
R¨
R
= −
4piG
3
(ρM − 2ρΛ) (5)
Since ρΛ = constant, while ρM ∝ R
−3, even if k > 0, as long as H > 0 when
ρΛ comes to dominate the expansion, it will remain positive forever, and as is well
known, the expansion will ultimately accelerate, R(t)→ eHt with H =
√
8piGρΛ/3.
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One conventionally defines the scaled energy density Ω ≡ ρTOT/ρcrit = 8piGρ/3H
2,
so that Ω − 1 = k/H2R2. Thus the sign of k is determined by whether Ω is greater
than or less than 1. In this way, a measurement of Ω at any epoch – including the
present – determines the geometry of the Universe. However, we can no longer claim
that the magnitude of Ω uniquely determines the fate of the Universe.
This decoupling between Ω and destiny can also be seen using Sandage’s deceler-
ation parameter q ≡ −(R¨/R)/H2, which, by using Eqs. (1,2), can be written as
q =
Ω
2
+
3
2
∑
i
wiΩi (6)
The sign of q, and thus the deceleration of the Universe at any given epoch depends
upon the equation of state and not on Ω alone.
While in the presence of a cosmological constant, Ω no longer determines the
ultimate fate of the Universe, it is useful in determining how small a cosmological
constant could be at the present time and still stop the eventual collapse of a closed
Universe. For a closed, matter-only Universe, the scale factor at turnaround is
R/R0 =
Ω0
Ω0 − 1
(7)
While all the evidence today suggests that Ω0 ≤ 1, existing uncertainties could allow
Ω0 to be as large say as 1.1. For Ω0 = 1.1 the scale factor at turnaround is 11R0.
Since the density of matter decreases as R−3, this means that an energy density in
a cosmological term as small as 1/1000th the present matter density will come to
dominate the expansion before turnaround and prevent forever recollapse. A cosmo-
logical constant this small, corresponding to ΩΛ ∼ 0.001, is completely undetectable
by present, or foreseeable observational probes.
Alternatively, it may seem that if we can unambiguously determine that k < 0
then we are assured the Universe will expand forever. However, this is the case
only as long as the cosmological constant is positive. Since we have no theory for a
cosmological constant [8], there is no reason to suppose that this must be the case.
When the cosmological constant is negative, the energy density associated with the
3
vacuum is constant and negative. In this case, from Eqs. (4,5), one can see that
not only is the ultimate expansion guaranteed to decelerate, but recollapse is also
inevitable, no matter how small the absolute value of ΩΛ is.
Finally, what if we indeed ultimately verify a non-zero cosmological constant at the
present time, as current observations suggest? Are we not then guaranteed an eternal
expansion? The answer is again no. As is well known, we have no guarantees that
what we observe to behave as a cosmological constant is in fact the actual ground-
state vacuum-energy density of the Universe. Any scalar field which is not at the
minimum of its potential will, as long as the age of the Universe is small compared
to the characteristic time it takes for the field to evolve in its potential, mimic a
cosmological term in Einstein’s equations. Until the field evolves to its ultimate
minimum, we cannot derive the asymptotic solution of these equations in order to
determine our destiny.
We thus arrive at the following set of possibilities. As this classification makes
clear, it is the ultimate equation of state, not geometry, that determines the fate of
the Universe. The key consideration is the value of R¨ at any potential turning point
(i.e., where H = 0). If it is negative, which requires
∑
i ρi(1 + 3wi) > 0, recollapse
occurs; otherwise expansion resumes and continues eternally.
RECOLLAPSE
1. Closed (k > 0) Universe: ρM > 2ρΛ when H = 0
2. Open,flat (k ≤ 0), or closed (k > 0) Universe: ρΛ < 0
ETERNAL EXPANSION
1. Closed (k > 0) Universe : ρM < 2ρΛ before H = 0
2. Open or flat (k ≤ 0) Universe: ρΛ ≥ 0
For the simplest possibility, a Universe with matter and positive cosmological con-
stant, the dividing point between expansion forever and recollapse can be expressed
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simply: Eternal expansion is inevitable if and only if [9]
ΩΛ > 4ΩM
{
cos
[
1
3
cos−1(Ω−1M − 1) +
4pi
3
]}3
. (8)
Given Einstein’s association with the cosmological constant, we would be quite remiss
in not mentioning the intermediate case, his static Universe. A static, but unstable,
cosmological solution obtains for
ρM = 2ρΛ and R = k
1/2/
√
8piGρΛ (9)
The above classification can of course be generalized to any other form of energy that
violates the strong-energy condition and/or mimics a cosmological constant. In such
cases, the equation of state will generally vary with time.
Indeed, because the equation of state of the Universe can change, we may never be
confident that any presently inferred dynamical evolution can be extrapolated indef-
initely into the future. Put another way: even if the presently inferred cosmological
constant turns out to be a red herring, we cannot definitively argue that a closed
Universe will recollapse or that an open Universe will expand forever. A smaller,
presently unobservable value of Λ could always alter the ultimate fate of the Uni-
verse. In a true sense therefore, perhaps only knowledge of a fundamental theory of
everything, one that predetermines both the asymptotic values of both Ω and Λ, will
allow us ultimate knowledge of the ultimate state of the Universe. If instead, the fun-
damental parameters in our observed Universe arise from a probability distribution
based on some underlying theory, then the future is ultimately unknowable.
While these features of the Universe have been implicit in Einstein’s equations
since they were first written down, they tended to disappear from the popular lore
shortly after the cosmological constant did. It is therefore important, now that we
appear to be living in a Universe with non-zero cosmological constant, to re-acquaint
ourselves with their implications.
Before concluding, we note one additional complication brought on by possible
quantum field theoretic phenomena. While the 4-geometry of the observable Universe
is classically invariant, its 3-geometry depends upon the choice of the constant-time
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hypersurfaces. It is distinctly possible that a change in equation-of-state will also
change the natural choice of hypersurfaces, and thus alter the inferred 3-geometry. A
well known example involves the nucleation of a bubble of true vacuum in the midst
of a background of false vacuum [10]. Observers inside this bubble will infer an open
geometry, while those outside the bubble will observe the bubble to collapse into a
black hole. In the different cases an infinite spatial region is interchanged with an
infinite temporal one. Further, destiny could also change, as the bubble could have
nucleated within a Universe destined for recollapse. Of course, under the conditions
of the change in the equation of state defined by the situation described above, the
future will be truly unknowable for another reason. It is unlikely that any life-form
that evolved in one vacuum would survive the transition into the other.
Returning to our central thrust, the result that geometry and destiny are de-
coupled is in one sense disappointing. The hope that we could, via a finite set of
cosmological observations that might be completed within the next decade, deter-
mine eternity was very satisfying. Nevertheless, what we lose in predictive power we
gain in fundamental excitement. The microphysics that might generate a non-zero
cosmological constant or a scalar field that mimics one will no doubt be central to
much of the forefront theoretical and experimental research in the next century, if
not the next millennium. The new uncertainty in our ultimate destiny thus opens an
exciting door that may lead to a deeper understanding of our ultimate origin.
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